I. Introduction
Recently the authors 1 have proposed a covariant approximation scheme for the treatment of the coupled Greenas functions equations of meson-nucleon systems.
The procedure led to the replacement of the infinite set of coupled equations for the rigorous kernas by a finite set of approximate equations~involving Greenis functions. which describe processes with no more than a fixed number of external meson lines.
In (I) the question of renormalization was ignoredo It is of course not known whether the usual infinities of pseudoscalar meson theory with pseudoscalar coupling are due to the use of the perturbation expansions in which they appearj however, whether the theory is finite or noti a renormalization has to be carried outo In tha approximation schemei whose validity may only be motivated in the low-energy region, it is expected that such high-frequency phenomena as the seifenergy$ etco, will not be described correctlys and the existence of infinities are a not unexpected feature. Nevertheless the lack of a correct description in the high-energy domain does not prevent one from performing a renormalizationo
2
For example$ when a subset ot perturbation graphs is summed rigorously, the lo R. Arnowitt and S. Gasiorowiczi Phys. Revo 2i~ 538 (1954) , to be referred to as I. 2o S. F. Edwards, Phys. Revo 2Q, ·284 (1953) .
radical difference in the high-energy behavior of the sum and the individual terms of the series does not prevent the renormalization of the latter by perturbation methods.
In this paper a nonperturbation renormalization of the approximation scheme is carried out, i.e., equations nwolving the renormalized Greenis functions, with finite masses and coupling constants"' are derived. Although it is of cours$ necessar.y to solve the resulting equations to see whether the . solutions are finite, it will be shown that these equations generate the renormali~ed pertUrbation series, when expanded in power.s of the coupling constant.
As alrea~ suggested in (I), it is hoped that neglecting vacuum polarization will not strongly affect the low-energy-results. Thus the meson propagation tun&tion L1+ ( 3 -3') wili be assumed to be a given function (namely the free particle kernel)· of the experimental meson mass ~ • ·
In the following section the conditions to be satisfied by the finite equations are ~~ated. In subsequent sections rigorous expressions for the renorma.lizatio~ :constants Z 111 z 2 , and m v are deriv~d, the role of the overlapping divergences is discussed, and the approximation scheme for the renormalized equations is set up. In section v· the second approximation is renormalized in detail, and in VI, the procedure for renormalizing the third approximation i~ outlined. While the general case is not discussed, the work of these two sections makes the extrapolation reasonably clear.
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In I a rigorous set of equations coupling Greenvs functions involving one nucleon and an arbitrar.y number of mesons was derivedo The approximation made there, which involves a decomposition of the last Green°s function {appearing in a finite subset of equations) into a sum of products of lower Green's functions,-was labeled by the number of "thick lines" in a particular time orderingo While this labeling was adequate in the unrenormalized equations,· it was found to be ambiguous in dealing with the problem of renormalization, owing to.the necessity of successively substituting the kernels back into ··earlier equationso These· equations require an integration over some of the "thick line" variables,~~ thus destroying the particular time ordering choseno
An equivalent convention, which we will adopt here, is to count the number of "strong interactions" between the meson and nucleono Thus, for example 1 in the first approximation.~~ writing G(~·g') I"V G .6t (f-f') involves no strong interactions, while the second approximation, G (ff 'r II)~ G (r) LJ+ (~'-r'') + "' involves one strong meson interaction)) namely the one appearing in G (3) o
In general the ath approximation will allow {n -1) strong interactions.
Introducing the Fourier transform of the Green 9 s functions,
is the integral part of m/2 , the rigorous Eqso (I 2o7))1 {I 2o8), and {I 2o9) become UCRL-2695
The particular choice of transform variables in (2~1) corresponds diagrammatically to a nucleon of momentum p emitting (in any order whatever) m mesons with
To exhibit some of the conditions which we wish to impose on the renormalization procedure, and to illustrate some of the difficulties which arise in a non~perturbation renormalization, let us briefly consider the renormalization of the equations in the'.:rirst approxi.mation.
Decomposing
(2.5) 
. (3o9) (3.10) (3 .13)
Although Eq. (3.10) appears to be infinite$ owing to the explicit presence of z 1 » this constant is needed to renormalize the additional overlapping vertex infinities arising from the k-integration. This will be discussed below.
z 1 of course renormalizes the vertex operator, as may easily be seen from its definition, (3 .14)
To perform the mass and Green 8 s function renormalizations in the higher equations, we break up
where ~ = 1 for m : odd; 4 1'[ = 1(2 rr) tor m ;;; even, and define a generalized SIt when more than one meson variable is present:
The second term on the r.h. 
We next turn to the rigorous definition of z 1 • Comparing the mass operator in . 4 . . .
Eq. (3.10) with the usual expression for that quantity, one sees that (3.19)
An expression for z 1 may now be obtained by invoking the boundary conditions on r 1 ( P -k ) r ) in the free particle limit J namely 5 () where lp 1 (p) is the renormalized plane wave spinor, a function of m'.
Comparing with Eq. (3.19), the free particle limit of G,*{p,k):
4. J. Schwinger, Proc. Natl. Acad. Sci. u.s. Jl, 452, 455 (1951) .
5. An alternate definition would be to impose Eq. (3.20) in the limit of kl"-+ 0. This W<ls adopted by N. Kroll and ·M. Ruderman» Phys. Rev. 9.3, 194 (1954L It is purely a matter of convention whether one wants to treat the meson field as the static electromagnetic field or as the nucleon field. For the purposes of this paper, the choice of definition makes no difference.
Introducing the "reaction matrix,"
.
Eq. (3.17) in the free particle limit becomes, after slight rearrangement, where ( ) 0 denotes the free particle limit defined in Eqo (3.20).
Before we proceed to a more detailed discussion of z 1 it might pay to reexamine the renormalization of the first approximation, in which z 1 = l, since 
Proceeding as in Section III, 7. Any "adjoint" quantity will henceforth be denoted by f . This is not to be confused with the Hermitian adjoint which does not appear in this paper. 
This convention has the consequence of symmetriz~g the i'1'ee particle limits of 1 8 the two vertex pointe in the mass operator, since now the adjoint quantities will generate graphs that a,re the mirror images of the "normal" graphso While it appears that the introduction of the adjoint quantities (albeit only in UCRL=2695 their free=particle limit) into the normal equations couples the two sets, it turns out in practice that since the z 1 + necessary in the normal set can alw~s be obtained directly from z 1 via the mirror property mentioned above without solving the adjoint set~ the apparent coupling does not eXist.
We now consider the equations in a given approximation with the z 1~s
and their adjoints appropriately inserted. Since z 1 is the free-particle part of a Gx•een ° s function appearing in the scheme 51 ita presence in an equation implies that a rigorous raetorizationp in addition to the decomposition peculiar to the approximation$ has already taken pla.ce9 Thus the zl t which appears in the right-hand integrals of the rigorous equations acts as a free-particle limit of a strong interaction (at that vertex). Since we are restricted, in aey approximation~ to a fixed number of strong interaeti. Us defined by lower approximations (and hence containing fewer interactions) will appear. In determining the relevant parts or zl for the earlier equations$ complication appears in that fewer than the maximum number of interactions allowed appears on the left. Thus a question arises as to how to count the interactions appearing in the right-hand integrals. It tur-ns out that the ~ needed here is the one that is obtained by counting one interaction more than the maximum, the meson line integration again being taken not to affect the interaction weight of a particular Green 9 s function. 9 ' 10 Using these conventions, we will show in the succeeding sections that the equations in the second and third approximation are renormalized. The extension· to higher approximations seems in principle straightforward, but an explicit proof of convergence would involve tedious algebraic manipulation.
9. This convention also holds for terms that are identifiable with the righthand--side integrals of "earlier" equations, when these appear in the last equation, in which the decomposition is made" Substituting this result into Eq. (3.17), one obtains
The subscript "R" does not appear on the second integral, as this term corresponds to the G,r 
where G ~~) { ~) is the one=nucleon propagator of the first approximation.
Equation (3ol0) 12. B,y symmetry we mean that the same diagrams are present when all the graphs are turned upside down.
13. A. Salam, Phys. Rev.~~ 217 {1951). 
is decomposed in accordance with our general scheme (cfo IE Eq. (2o20) 9 to be divided into four disjoint parts:
The first two terms correspond to the emission of k~ followed by the emission of k from two uncoupled vertices and from a compound vertex respectively.
The second two terms interchange k ~nd k 9 o Substituting this into Eqo (6o3) and separating the four disjoint processes 9 one obtains the following integral equations for Ql and sl 8
and a similar equation for T 1 o Comparing Eqo (6o5) with Eqo (5o3), we see
and hence z 1 in Eq 9 (6.5) correctly renormalizes that equation. In Eq. (6.6) it is clear that since s 1 (and T 1 ) contain only coupled vertices,
the integrated meson line k goes past at least two vertex points, and thus all graphs generated are of the "finite self-energy" type. Thus Eq. (6.6) is also finite.
In terms of the quantities appearing in Eq.·{6.4), Eq. (3ol7) has the
where z 1 is the rigorous vertex renormalization constant of this approximation: m~ be generated by using the term proportional to a 1 (p k")
as an inhomogeneous term and iterating
(ignoring the presence of the Tl(P k k ) term). These graphs (Fig. 2a,b) , when substituted into the. Sl(P k k') term in Eq. (6.8), combine with the first integral to yield the unrenormalized vertex structure r (1.) t at the top (Fig. 2e) . Thus to renormalize the overlaps of this combinationi it is clear ·that a zl 2 ) t is required at the top of the diagram. Similarly the remaining diagrams of s 1 can be obtained by using the T 1 structure in Eq. (6.6) as an inhomogeneous termo When the kv integration in Eq. (6.8) is carried out for these graphs, and they are combined with the second term on the right-hand side of that equation, the vertex rn)t is again obtained at the top (2) .
~) (Fig. 2d) 17o That s 1 and T 1 have this property is evident from iterating Eq. (6.6) and the corresponding equation,for T 1 ~hich we have not written down).
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VII. Conclusion
In the preceding sections a method has been given for the renormalization of an approximation scheme for the meson-nucleon interaction . J ~ problem. Starting with the assumption that the renormalizati.on is multiplicative, we carry out the mass and amplitude renormalizations (Z 2 } independently of the approximation. 'l'he vertex renormaliza.tion presented a more complicated problem, owing to the existence of overlapping divergenceso The definition of the renormalization constant in terms of integrals over Green°s fUnctions was derived by imposing, upon the vertex, a boundary condition analogous to the one usually applied in quantum electrodynamics, rather than that of Deser, 18 Goldberger, and Thirring.
In order to carry out the vertex renormalization it was necessary to consider the equations order by order. ~ redefining the approximation scheme to include the necessary diagrams forming z 1 an unambiguous prescription for carrying out the renormalization.was foundo Actually this seems to confirm the fact that any covariant approximation 9 scheme, which (order by order) approaches the rigorous solution, (i.e. 9 eventually includes all Feynman graphs), can, b.y a suitable adjunction to what is included in an approximation, be renormalized in a consistent fashion, provided that the renormalized perturbation series can be rearranged and summed in any sequence. In this paper a redefinition of the approximation was made without significantly changing the physical content of each approximation. Such an approach would appear to be applicable to the renormalization of the Tamm-Dancoff method.
This work was performed under the auspices of the Atomic Energy Commission.
18. s. Oeser, M. Goldberger, and W. Thirring, Phys. Rev. ~9 711 (1954) . 
Graphs generated by G 1 (pi k)o A graphical representation of the first three integrals on the right-hand side of Eqo (6o8)o
